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Abstract
We investigate classical and quantum geometric information flow theories (respectively, GIFs and
QGIFs) when the geometric flow evolution and field equations for nonholonomic Einstein systems, NES,
are derived from Perelman–Lyapunov type entropic type functionals. There are defined canonical (non-
holonomic, i.e. with non-integrable distributions) geometric variables which allow a general decoupling
and integration of nonlinear systems of equations describing GIFs and QGIFs and (for self-similar geomet-
ric flows) Ricci soliton type configurations. Our approach is more general and different from the ideas and
methods used for special classes of solutions with the area–hypersurface entropy, and related holographic
and dual gauge–gravity models, involving the concepts and generalizations of the Bekenstein–Hawking
entropy and black hole thermodynamics. Formulating the theory of QGIFs and GIFs (in particular, en-
coding models with flow evolution of NES), a set of fundamental geometric, probability, and quantum
mechanical, QM, concepts are developed for nonholonomic Lorentz spacetime manifolds. There are anal-
ysed the most important properties (inequalities) for emergent NES, their geometric flow evolution and
QGIF versions of the von Neumann, relative and conditional entropy, mutual information, (modified)
entanglement and Rényi entropy. This paper belongs to a series of partner works on the theory and appli-
cations of GIFs and QGIFs, entanglement and geometry of relativistic and quantum mechanical systems,
emergent / entropic and modified gravity theories, MGTs, W-entropy and associated thermodynamics for
generalized stationary and cosmological solutions in MGTs etc.
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1 Introduction
This paper provides an exposition of the subject of modelling emergent and modified gravity theories,
MGTs, and general relativity, GR, in the framework of classical and quantum geometric information flow
(respectively, GIF and QGIF) theories. Although a great amount of research has been devoted recently to
quantum information theory, gravity and entanglement (for reviews of results and some important directions
of research, see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]), almost all constructions and applications related
to gravity theories involve area–hypersurface, holography and dual gauge-gravity models for various types
of entropic and thermodynamic type MGTs. Such approaches are elaborated with respective generalizations
of the concepts and formulas for the Bekenstein–Hawking entropy and black hole, BH, thermodynamics
[14, 15, 16, 17].
In our works [18, 19, 20, 21, 24, 25, 26], we deal with the following question: Does a more general concept
of gravitational entropy can be elaborated that would allow to characterize more general classes of generic off-
diagonal solutions (not only for BHs and cosmological solutions with horizons and holographic configurations),
in principle, depending on all spacetime/ phase space coordinates etc.? The answer was found positive by
constructing and providing physical interpretation of various types of new classes of exact and parametric
solutions in MGTs (supersymmetric/ noncommutative string and brane gravity models, entropic gravity...)
and nonholonomc geometric flow models. The main idea exploited and developed in our works was to
characterize and derive such gravity theories and their solutions using the concepts of F- and W-functional
due to G. Perelman [27] used in order to prove the Thurston-Poincaré conjecture in the theory of Ricci flows
of Riemannian metrics. In this work, we do not address issues on relativistic and gravity and matter fields
modifications of the theory of Ricci flows from the viewpoint of a generalized geometric conjecture (which
is a very difficult mathematical task and requesting proofs on thousands of pages with rigourous topological
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and geometric analysis methods as in [28, 29, 30, 31] and related applications in physics [32, 18, 19, 20, 21]).
We elaborate on new ideas and geometric methods when the W-functional (it is also called the W-entropy
because it is like a "minus-entropy") allows us to consider associated geometric thermodynamic models,
which seem to be more general than the constructions with the Bekenstein–Hawking entropy.
The G. Perelman functionals can not be applied directly to realistic classical and quantum gravity and
mater field theories. To ensure the relativistic invariance and compatibility with GR and/or an another
type MGT is necessary to consider certain types of nonholonomic (in literature, it is used equivalently, the
anholonomic, i.e. with non-integrable distributions/ structures, see [22, 23, 24, 25, 26] and references therein
for reviews on modern gravity theories) deformations of the F- and W-functionals. Respective geometric flow
theories can be elaborated with different types of evolution parameters1. Nevertheless, certain Ricci soliton
configurations (determined by self-similar geometric flows) can be defined for all types of such models which
are described equivalently by certain types of (modified) Einstein equations. Such equations can be solved
in very general forms using geometric and analytic methods.
Even it is not clear at present if relativistic/ noncommutative / supersymmetric analogs of the Poincaré
hypothesis can be formulated and proven, we can always construct various classes of exact and parametric
solutions for systems of nonlinear partial differential equations, PDEs, describing evolution/ dynamical/
diffusion/ kinetic systems. Such physically important nonlinear PDEs can be decoupled and integrated in
general forms using the so-called anholonomic frame deformation method, AFDM (reviews of results and
applications to modern gravity and geometric flow theories can be found in [33, 34, 35, 24, 26] and references
therein). To generate exact generic off-diagonal solutions is important to write down the equations in
so-called canonical nonholonomic geometric variables (in our works, we use "hats" on geometric objects,
see definition in next section). In this paper, we perform all classical and quantum model constructions
using canonical geometric data for conventional nonholonomic Einstein systems, NES, which can be under
(quantum) geometric flow evolution on a temperature like parameter, or described by certain self-similar
Ricci type soliton configurations (with a fixed value of such a parameter). Here we note that certain classes
of solutions in MGTs and GR are characterized by Bekenstein-Hawing type entropies in very special cases
but generalized G. Perelman entropic/ thermodynamic values can be defined and computed in all cases. It
is possible to write equivalently such values in canonical nonholonomic variables, or in certain analogous
Finsler-Lagrange-Hamilton, or almost Kähler, variables. This is very important for elaborating various types
of analogous, entropic, deformation quantization and brane/ gauge like gravity models (see, for instance,
[36, 37, 18, 24, 25, 26]). To apply such methods to GR and standard particle physics we have to impose
at the end (when corresponding general models were elaborated for some classes of found exact solutions)
certain additional nonholonomic constraints in order to extract Levi-Civita (torsionless), LC, configurations.
If we work from the very beginning only with the LC-connection, it is not possible to decouple/integrate in
general forms mentioned types classical and quantum fundamental evolution/dynamical equations. This is
a general property of the systems of nonlinear PDEs on curved spacetimes.
The formalism developed in this and partner works [38, 39, 40] allows us to address issues related to
various types of quasi-classical and quantum equations (nonlinear Schrödinger, Liouville, and Dirac ones,
and noncommutative quantum deformations of the Einstein equations). We are able to deal with the basic
elements of quantum information theory such as entanglement and multipartite states, teleportation, and
quantum interference for NES under geometric flow evolution. The main goal of this article is to elaborate
on possible applications of the geometric flow methods and the AFDM and provide an introduction to the
theory of GIFs and QGIFs of NES. In this paper, we use canonical nonholonomic variables which allows us
to provide analogous thermodynamic and GIF and QGIF descriptions of any solution found following the
AFDM, or other type methods, for various type MGTs and GR, and which can be described equivalently as
some emergent/ entropic gravity models.
Here we discuss this important issue: One of the basic concepts in quantum information theory is that
1a temperature like one, which is used in this work, or as time like parameter treated as a "complex time"; such theories
have, for instance, very different topological and classical and quantum properties
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of qubit. Given a Hilbert space associated to a physical system, it is possible to realize a qubit as any
two-dimensional subspace of that Hilbert space. Such a physical realization is not, in general, localized in a
physical space. In [38, 39], we study the concept of quibit for QGIFs when certain analogous Hamilton and/or
thermodynamic models are determined by W-entropy. For such theories, we can consider physical realizations
that are well-localized in certain effective or real phase spaces and associate a qubit as a two-dimensional
quantum state attached to a point in a base space. In a curved spacetime context, we can represent a qubit
as a sequence of two-dimensional quantum states evolving along a spacetime trajectory and/or with sets
of world lines of qubits covering a spacetime region. There are other type ambiguities related to the fact
that there are no finite-dimensional (in particular, two dimensional ones) faithful unitary representations of
the Lorentz group. Naively, it would appear that it is impossible to elaborate a mathematical formalism
which would describe localized qubits in a unique both relativistic and unitary form. The problem (and an
explicit method how to solve it using WKB approximations) is analyzed in [41]. Here we note that for QGIF
theories there are used analogous statistical thermodynamic models and respective quantum generalizations
of GIF entropies. Such constructions are well-defined for geometric flows in spacetimes and phase spaces with
conventional 3+1 splitting of dimensions [19] and there are rigorous proofs for noncommutative geometric
models (A. Connes and almost Kähler types) and deformation quantization [36, 37, 18].
Let us explain the structure of our work: This paper aims to be self-contained and we include in sec-
tion 2 (and respective footnotes in all sections) a necessary background material on the geometry of non-
holonomic Lorentz manifolds, their relativistic geometric flow evolution equations and nonholonomic Ricci
solitons described by modified Einstein equations. The geometric constructions are performed in canonical
nonholonomic variables which allow a straightforward decoupling and integration of geometric flow and grav-
itational field equations (in this work, we do not enter into details how such solutions can be constructed,
see [19, 20, 21, 25, 33, 34, 35, 24, 26] for respective methods and examples). We define the nonholonomic
canonical version of G. Perelman F-functional and W-functional (equivalently, W-entropy) and show how
associated thermodynamic models can be elaborated. Section 3 is devoted to the theory of classical and
quantum information geometric flows (respectively, GIFs and QGIFs) of nonholonomic Einstein systems,
NES. Using statistical distribution functions determined by the W-entropy and thermodynamic values con-
structed for GIFs, we define and show how to compute the Shanon, conditional and relative entropy of such
systems. Quantum mechanical models, QMs, are elaborated for the canonical density matrix defined and
von Neumann entropy as respective quantum analogs of the statistical density matrix for NES GIFs. The
theory of entangled QGIFs and NES is elaborated in section 4. We investigate properties of entanglement and
gravity for QGIFs using (and showing how to compute) respective inequalities for relative entropy, mutual
information and the Rényi entropy for classical and quantum geometric thermodynamic and/or information
flows. An outlook, conclusions and discussions are presented in section 5.
2 Geometric flow equations for nonholonomic Einstein systems
In this section, we outline the main concepts and formulas needed for formulating the main equations for
relativistic geometric flows and (modified) gravity in nonholonomic canonical variables. For details, proofs
and similar constructions in other type variables for MGTs, we cite [19, 20, 21, 35, 24].
2.1 Canonical variables for nonholonomic Lorentz manifolds
We follow geometric definitions and conventions from [38, 39, 40] when a spacetime is modelled as a four
dimensional, 4-d, Lorentz manifold V defined by a metric g of local pseudo-Euclidean signature (+ + +−).
Boldface symbols are used for geometric objects adapted to a nonlinear connection (N-connection), structure
N : T V = hV ⊕vV, defined as a nonholonomic (non-integrable, equivalently, anholonomic) distribution into
conventional horizontal, h, and vertical, v, distributions. This states a conventional 2+2 splitting of typical
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tangent spaces, when dim(hV ) = 2 and dim(vV ) = 2, for N-linear adapted frames eα = (ei, ea) and dual
frames eβ = (ej , eb).2
A distinguished connection, d-connection, D = (hD, vD) is by definition a linear connection preserving
under parallelism a N-connection splitting. It defines a distortion d-tensor Z (distinguished tensor, d-, being
N-adapted) from the Levi-Civita, LC, connection ∇, when D = ∇+ Z, for ∇ being a linear connection which
is metric compatible, ∇g = 0, and with zero torsion, Tαβγ [∇] = 0.
There are different classes of linear and d-connection structures which can be uniquely defined by geomet-
ric data g and/or N following certain geometric principles. For constructing generic off-diagonal solutions
of important systems of PDEs in MGT and GR and elaborating the AFDM, it is convenient to work with
the canonical d-connection D̂ = ∇+ Ẑ. In our works, we use "hats" for the geometric and physical objects
(like curvature and torsion tensor, Lagrangians for graviational and matter fields, etc.) constructed for such
a d–connection. It is defined by the same d-metric structure g as ∇ following the principle that it is also
metric compatible, D̂g = 0, but with a nontrivial nonholonomically induced torsion structure T̂[g,N]. A
d-tensor T̂ is completely determined by the coefficients of g and N, for zero torsion values both on h- and
v-subspaces, but with some (nonholonomic) nontrivial coefficients relating the h- and v-subspaces. Such a
torsion is different from that used, for instance, in Riemann-Cartan, string and gauge type gravity theories
where additional algebraic or dynamical equations are used for finding respective (co) torsion coefficients
[42, 43, 22]. We cite [19, 20, 21, 35, 24] for details and for respective coefficient formulas including an al-
gebraic relation between Ẑ and T̂. Here we note that in the AFDM the zero torsion configurations can
be extracted always from a more general class of already found solutions for a D̂ imposing at the end the
condition D̂|T=0 = ∇.3
We write R̂ic = {R̂αβ} for the Ricci d-tensor of a canonical d-connection D̂α. In MGTs and GIF models,
it can be considered an another type d-connection D with respective d-tensor Ric = {Rαβ := Rταβτ},
Riemann d-tensor, R = {Rαβγτ}, scalar curvature, sR = {gαβRαβ}, etc. defined and computed in standard
forms for metric–affine connections. For instance, readers can see [38, 39] for constructions with Lagrange-
Hamilton variables (with "tilde" values and respective duality symbols) on (co) tangent Lorentz bundles,
TV and T ∗V.
The gravitational field equations for nonholonomic Einstein systems, NES, can be written in canonical
variables, i.e. using geometric data (g,N,D̂),
R̂αβ = Υ̂αβ . (1)
Such equations transform into standard one in GR if there are imposed additional nonholonomic constraints,
or found some smooth limits, for extracting LC–configurations, D̂|T̂ =0 = ∇, when T̂γαβ = 0. There are
necessary also additional assumptions on the type of sources for effective and matter field interactions. A
nonholonomic vacuum Einstein space is characterized by a more rich geometric structure which can be with
generic off-diagonal and locally anisotropic interactions, encoding nonlinear evolution scenarios etc.4
2A local system of coordinates in a point u ∈ V is labelled u = (x, y) = {uα = (xi, ya)}, where i, j, .. = 1, 2 and a, b, ... = 3, 4
for certain general Greek indices α, β, ....
3The Einstein equations in GR are written in standard form using geometric objects determined by data (g,∇), Rαβ −
1
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gαβR = κ
mTαβ . In these formulas, the energy–momentum tensor
mTαβ of some matter fields
Aϕ is constructed following,
for instance, a variational procedure for a Lagrangian mL(g,∇, Aϕ), where κ is the gravitational coupling constant for GR.
In our works, abstract left labels of type A and m are used in order to distinguish the values from similar notations of pure
geometric objects, for instance, for a d-torsion field Tγαβ.
4In (1), effective and matter fields sources Υ̂µν =
eΥ̂µν +
mΥ̂µν contain terms
eΥ̂µν as effective sources determined by
distortions of the linear connections and effective Lagrangians for gravitational fields in MGTs [43, 22, 20, 21, 35, 24]; and
mΥ̂µν can be constructed using a N–adapted variational calculus for
mL(g,D̂, Aϕ), when mΥ̂µν = κ( mT̂µν − 12gµν mT̂)→
κ( mTµν − 12gµν mT ) for [coefficients of D̂] → [coefficients of ∇] even, in general, D̂ 6= ∇. In such formulas, we consider
mT̂ = gµν mT̂µν for
mT̂αβ := − 2√
|gµν |
δ(
√
|gµν |
mL)
δgαβ
.
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We emphasize that all systems of PDEs for geometric and physical models on V can be expressed in
different equivalent forms using different geometric data (g,N,∇) ⇔ (g,N,D̂) ⇔ (g,N,D), involving
respective distortion relations. Certain classes of nonholonomic variables (geometric data) are convenient,
for instance, for elaborating canonical methods of quantization, other type ones can be useful for finding
exact solutions. In this work, we shall give priority to D̂ because such a formalism allow us to encode directly
into geometric flow and information theories various classes of generic off-diagonal solutions.
2.2 Nonholonomic geometric flows and Ricci solitons
Let us consider a family of Riemannian metrics, gı`j`(τ) = gı`j`(τ, x
k`) defined on a 3-d spacelike hypersurface
Ξ ⊂ V.5 The Ricci flows of such metrics described by equations
∂gı`j`
∂τ
= −2 Rı`j`[∇], (2)
where the Ricci tensor Rı`j` is determined by geometric data (gı`j` ,∇). Such non-relativistic flow evolution
equations were postulated and studied mathematically by R. Hamilton [28]. Here we note that a few years
before, similar equations were considered in physics by D. Friedan [32]. G. Perelman proved a variational
proof of such equations using his F- and W–functionals [27] (see next section). Rigorous mathematical results
on such systems of PDEs and related applications for the proof of the Thurston-Poincaré conjecture can be
found in [28, 29, 30, 31].6
The geometric flow equations (2) can be generalized for 4-d Lorentzian metrics describing modified Ricci
flows of NES. In N-adapted from and for the canonical d-connection, such equations are written in the form
∂gij
∂τ
= −2
(
R̂ij − Υ̂ij
)
;
∂gab
∂τ
= −2
(
R̂ab − Υ̂ab
)
; (3)
R̂ia = R̂ai = 0; R̂ij = R̂ji; R̂ab = R̂ba;
∂τ f̂ = −̂f̂ +
∣∣∣ D̂ f̂ ∣∣∣2 − sR̂+ Υ̂aa,
where ̂(τ) = D̂α(τ) D̂α(τ) is used for the geometric flows of the d’Alambert operator and sources
Υ̂αβ(τ) = [Υ̂ij(τ), Υ̂ab(τ)] are constructed as for (1) but for d-metrics and respective geometric objects
with τ -parameter dependence. A normalization function f̂(τ, u) has to be introduced for proofs of such sys-
tems of nonlinear PDEs from certain nonholonomically generalized F- and W-functionals (see next section
and [18, 19, 20, 21]). Various classes of exact and parametric solutions describing geometric flow evolution of
off-diagonal stationary and cosmological configurations can be described using the AFDM [33, 34, 35, 24, 26].
The normalizing function in (3) can be chosen in such a form that for self-similar configutations with a
fixed evolution parameter τ0 such PDEs transform into modified Einstein equations (1) for NES. In h- and
v-splitted components, such equations are written
R̂ij = Υ̂ij ; R̂ab = Υ̂ab; R̂ia = R̂ai = 0; R̂ij = R̂ji; R̂ab = R̂ba.
In geometric flow theory, such equations are called as (nonolonomic) Ricci solitons if they are of type
Rαβ − λ gαβ = Dαvβ +Dβvα,
5For simplicity, we shall write an explicit dependence of type gı`j`(τ ) only on flow positive parameter (of temperature type)
τ, 0 ≤ τ ≤ τ0, and omit to write down dependence on local coordinates u` = {uı` = xı`} with indices ı`, j` = 1, 2, 3.
6The equations (2) describe geometrically certain nonlinear diffusion processes with 3-d Riemannian metrics. For small
deformations of a 3–d Euclidean metric gı`j` ≈ δı`j` + hı`j` , with δı`j` = diag[1, 1, 1] and hı`j` | ≪ 1, the Ricci tensor approximates
the 3-d Laplace operator ∆ = ∂
2
(∂u1)2
+ ∂
2
(∂u2)2
+ ∂
2
(∂u3)2
. On 3-d hypersurfaces , the geometric flows of mechanical systems
are described by a linear diffusion equation with Rı`j` ∼ ∆hı`j` . For relativistic models, ∆ changes into the wave (d’Alambert)
operator  = ∆ − ∂2
(∂u4)2
. In result, we have to elaborate on nonlinar relativistic diffusion and hydrodynamic anisotropic like
processes with of entropic fields and flow evolution of geometric objects [21, 19, 20].
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determined by some geometric data (gαβ , Dβ) and a cosmological constant λ and d-vector feld vα(u).
2.3 G. Perelman functionals and geometric thermodynamic models for gravity
The aim of this subsection is to define nonholonomic canonical modifications of the F- and W-functionals
[27] which allow us to prove the nonholonomic geometric flow equations (3). The W-entropy will be used for
constructing an associated statistical thermodynamic model for geometric flows of NES.
2.3.1 F- and W-functionals for nonholonomic Einstein systems
G. Perelman entropic like functionals can be postulated using different types of nonholonomic variables
with conventional 2+2 and 3+1 decomposition of dimensions or double fibration splitting [19, 20, 21].
For a region U ⊂ V with 2+2 splitting defined by data (N,g), we consider an additional structure of 3-d
hypersurfaces Ξt parameterized by time like coordinate y
4 = t for coordinates uα = (xi, ya) = (xı`, t). The
metric structure can be represented in a d-metric form and/or with 3+1 splitting,
g = gα′β′(τ, u)d e
α′(τ)⊗ deβ′(τ) (4)
= qi(τ, x
k)dxi ⊗ dxi + q3(τ, xk, ya)e3(τ)⊗ e3(τ)− [ qN(τ, xk, ya)]2e4(τ)⊗ e4(τ).
In (4), there are considered "shift" coefficients qı` = (qi,q3) related to a 3-d metric qij = diag(qı`) = (qi,q3)
on a hypersurface Ξt if q3 = g3 and [ qN ]
2 = −g4, where qN is the lapse function (our notations are different
from those in [42] in order to avoid ambiguities with the coefficients Nai for the N-connection).
In nonholonomic canonical variables, the relativistic versions of G. Perelman functionals are postulated
F̂ =
∫
(4piτ)−2 e−f̂
√
|g|d4u( sR̂+ |D̂f̂ |2) and (5)
Ŵ =
∫
µ̂
√
|g|d4u[τ( sR̂+ | hD̂f̂ |+ | vD̂f̂ |)2 + f̂ − 4], (6)
where the normalizing function f̂(τ, u) is subjected to the conditions
∫
µ̂
√|g|d4u = ∫ t2t1 ∫Ξt µ̂√|g|d4u = 1,
for a classical integration measure µ̂ = (4piτ)−2 e−f̂ and the Ricci scalar sR̂ is taken for the Ricci d-tensor
R̂αβ of a d-connection D̂.
Applying a N-adapted variational calculus on gαβ (5) or (6) (see similar details in [19, 20, 21] and, for
Riemannian configurations, in [29, 30, 31]), we can prove the geometric flow evolution equations (3) for NES.
Here we note that the functional Ŵ (6) defines a nonholonomic canonical and relativistic generalizations of
so-called W-entropy introduced in [27]. Various types of 4-d - 10-d W–entropies and associated statistical
and quantum thermodynamics values are used for elaborating models of classical and (commutative and
noncommutative/ supersymmetric) quantum geometric flows and geometric information flows, see [36, 37,
18, 19, 20, 21] and our partner works [38, 39, 40].
2.3.2 Thermodynamic models for (modified) Einstein geometric flows
We can characterize a geometric flow evolution of NES by analogous thermodynamic models. Respective
geometric and statistical thermodynamic values can be defined in nonholonomic canonical variables (with
hats, which is different from tilde, underlined and other type variables used for GIF and QGIF theories in
partner works [24, 38, 39]).7
7 Let us remember some most important concepts and formulas from statistical thermodynamics. A partition function
Z =
∫
exp(−βE)dω(E) is considered for a canonical ensemble at temperature β−1 = T and the measure ω(E) as the density
of states. In standard form, there are computed such canonical values: average flow energy, E = 〈E〉 := −∂ logZ/∂β; flow
entropy, S := β 〈E〉+ logZ; flow fluctuation, η := 〈(E − 〈E〉)2〉 = ∂2 logZ/∂β2.
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We associate to (6) a respective thermodynamic generating functions defined in canonical variables
Ẑ[g(τ)] =
∫
(4piτ)−2e−f̂
√
|g|d4u(−f̂ + 2), for V. (7)
Such values are with functional dependence on g(τ) (we shall omit to write this in explicit forms if that will
not result in ambiguities). A density state defined as in footnote 7 is a functional σ̂[g(τ)] = Ẑ−1e−βE . We
can consider also the geometric evolution densities ρ̂[ 1g] and ρ̂
′[ 1g], where the left label 1 is used in order
to distinguish two d-metrics g and 1g.
Using (7) and (6) and respective 3+1 parameterizations of d-metrics (see formulas in the last footnote
and (4)), we define and compute analogous thermodynamic values for geometric evolution flows of NES,
Ê = −τ2
∫
(4piτ)−2e−f̂
√
|q1q2q3(qN)|δ4u( sR̂+ |D̂f̂ |2 − 2
τ
), (8)
Ŝ = −
∫
(4piτ)−2e−f̂
√
|q1q2q3(qN)|δ4u
[
τ
(
sR̂+ |D̂f̂ |2
)
+ f̂ − 4
]
,
η̂ = −2τ4
∫
(4piτ)−2e−f̂
√
|q1q2q3(qN)|δ4u[| R̂αβ + D̂α D̂β f̂ − 1
2τ
gαβ |2],
where δ4u contains N-elongated differentials in order to compute such integrals in N-adapted forms. Using
such values, we can compute in canonical variables the respective free energy and relative entropy,
F̂ ( 1g) = Ŝ( 1g)− β−1Ŝ( 1g) and Ŝ( 1g q g) = β[F̂( 1g)− F̂(g)], where
Ê( 1g) = −τ2
∫
(4piτ)−2e−f̂
√
|q1q2q3(qN)|δ4u[ sR̂( 1g) + |D̂( 1g)f̂ (τ, u)|2 − 2
τ
],
Ŝ( 1g) = −
∫
(4piτ)−2e−f̂
√
|q1q2q3(qN)|δ4u
[
τ
(
sR̂( 1g) + |D̂( 1g)f̂(τ, u)|2
)
+ f̂(τ, u)− 4
]
.
Finally, we conclude that generating functions (7) and respective thermodynamical values (8) can be
written equivalently in terms of the canonical d–connections D̂ and/or for an another type D if we consider
nonholonomic deformations to certain systems of nonlinear PDEs on V.
3 Classical and quantum geometric information flows and gravity
We formulate an introduction to the theory of (quantum) geometric information flows (respectively, GIFs
and QGIFs) and nonholonomic Einstein systems, NES.
A partition function (equivalently, thermodynamic generating function) Z allows us to define a conventional state density
(for quantum models, a density matrix) σ(β,E) = Z−1e−βE. The relative entropy between two state densities ρ and σ is
defined/computed
S(ρ q σ) := −S(ρ) +
∫
(βE+ logZ)ρdω(E) = β[E(ρ)− TS(ρ)] + logZ.
In this formula, the average energy is computed for the density matrix ρ, E(ρ) = ∫ Eρdω(E), and the formula log σ = −βE− logZ
is used. We define the free energy using formula F(ρ) := E(ρ)− TS(ρ). If logZ is independent on ρ, we get S(σ q σ) = 0 and
S(ρ q σ) = β[F(ρ) − F(σ)]. Elaborating geometric flow evolution and analogous thermodynamics systems, we consider that
under evolution it is preserved the thermal equilibrium at temperature β with maps of density states ρ→ ρ′ keeping the same
density state σ. Such systems are characterized by inequalities S(ρ q σ) ≥ S(ρ′ q σ), and F(ρ) ≥ F(ρ′).
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3.1 The geometric information flow theory of nonholonomic Einstein systems
We adapt for QGIGs and NES the basic aspects of classical information theory with fundamental concepts
of Shannon8, conditional and relative entropies and applications in modern physics, see [1, 2, 44, 45, 46] and
references therein. There are used the W-entropy functional (6) and the associated thermodynamical models
elaborated in section 2.3.2 and partner works [38, 39].
For classical GIFs and NES, the canonical thermodynamic values are determined by data
[
Ŵ; Ẑ , Ê , Ŝ , η̂
]
,
see (6) and (8). We can introduce probabilities on a discrete network with random variables, for instance,
p̂n = 2
− Ê(bn). For continuous GIF models encoding geometric evolution of NES in canonical covariant
variables, it is used the thermodynamic entropy Ŝ[g(τ)]. In such an approach, we can not involve in the
constructions probability distributions which appear in any spacetim point along a causal curve as discrete
random variables. GIF NES can be studied using the W-entropy Ŵ [g(τ)] (6) and certain constructions
without statistical thermodynamics values. NES under canonical geometric evolution flows are denoted in
general form as B̂ = B̂[g(τ)]; such systems are determined by flows of corresponding canonical d-metrics on
nonholonomic Lorentz spacetimes.
Now, let us consider how to construct models of information thermodynamics determined by geometric
flows of NES.9 Conventionally, we work with two such GIFs and NES, Â = Â[g(τ)] and B̂ = B̂[ 1g(τ)].
To study conditional GIFs of gravitational systems we shall use geometric flow models on V ⊗V when the
local coordinates are (u, 1u) and the normalizing functions are of type AB f̂(u, 1u). A d-metric structure
on such tensor products of nonholonomic Lorentz manifolds cam be parameterized in the form ABg = {g =
[q1, q2,q3,qN ], 1g = [ 1q1, 1q2, 1q3,1q N ]}. Respectively, we can define, for instance, a canonical d–connection
ABD̂ = AD̂+ BD̂ and corresponding scalar curvature sABR̂ = sR̂+ s1R̂.
The canonical thermodynamic GIF and NES entropies for respective systems are Ŝ[Â] and Ŝ[B̂] being
respectively defined by g(τ) and 1g(τ) as in (8). They can be considered as analogs of SX and SY used in
the last footnote. As an analog of SXY for GIFs, we introduce the thermodynamic generating function (as
8Let B is a random variable taking certain values b1, b2, ..., bk, for instance, as a long message of symbols N ≫ 1 containing
different k letters. The respective probabilities to observe such values are denoted p1, p2, ..., pk. The Shannon entropy is defined
SB := −
k∑
j=1
pj log pj ≥ 0 for
k∑
j=1
pj = 1, when NSB is the number of bits of information which can be extracted from a message
with N symbols. In principle, one could be correlations between letters for a more complex random process. In the "ideal gaze"
limit (ignoring correlations), we approximate the entropy of a long message to be NS with the entropy S for a message consisting
of only one letter. For a statistical thermodynamical model and a classical Hamiltonian H, we determin the probability of a
i-th symbol bi via formula pi = 2
−H(bi).
9Let us remember some basic concepts from the classical information theory. We consider a message with many letters when
any letter is a random variable X taking possible values x1, ..., xk. A receiver get a random variable Y defined by letters y1, ..., yr.
The goal is to compute how many bits of information a receiver will obtain form a message with N letters (with random variables
X,Y, Z, ...). For one variable, the probability to observe X = xi is denoted PX(xi) for
∑
i PX(xi) = 1. A sender and a receiver
communicate via a random process of two variables defined by a joint distribution PX,Y (xi, yj) as the probabilities, respectively,
to send is X = xi and to hear is Y = yj . PY (yj) =
∑
i PX,Y (xi, yj) is the probability to receive Y = yj when summation
is taken over all choices that could be send. By definition, the conditional probability PX|Y (xi|yj) :=
PX,Y (xi,yj)
PY (yj)
is a value
characterizing receiving Y = yj . We estimate the probability that it was sent xi. For receiver’s messages,
PX(xi) =
∑
j PX,Y (xi, yj) or we can consider PX(xi) as an independent probability density.
There are defined such important values: SX|Y=yj := −
∑
i PX|Y (xi|yj) logPX|Y (xi|yj) is the Shanon entropy of the condi-
tional probability; SXY := −
∑
i,j PX,Y (xi, yj) logPX,Y (xi, yj) is entropy of joint distribution;
SY := −
∑
i,j PX,Y (xi, yj) logPY (yj) is the total received information content; SX := −
∑
i,j PX,Y (xi, yj) logPX(xi) is the total
sent information content. Using such formulas, the conditional entropy is by definition
SX|Y :=
∑
j
PY (yj)SX|Y=yj = S(X|Y ) = SXY − SY ≥ 0.
The mutual information between X and Y (a measure of how much we learn about X observing Y ) is
I(X;Y ) := SX − SXY + SY ≥ 0.
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a generalization of (7))
ABẐ[g(τ), 1g(τ)] =
∫
1
∫
(4piτ)−4e− AB f̂
√
| g|
√
| 1g|d4u d4 1u(− ABf + 8), for V ⊗V.
This results in a GIF NES canonical thermodynamic entropy function
ABŜ = Ŝ [Â, B̂] = −
∫
1
∫
(4piτ)−4e− AB f̂
√
|q1q2q3(qN)|
√
| 1q1 1q2 1q3(1qN)|δ4u δ4 1u[
τ
(
sR̂+ s1R̂+ | D̂ AB f̂ + 1D̂ AB f̂ |2
)
+ AB f̂ − 8
]
.
Using these values, we claim (proofs can be performed in any point of respective causal curves on Lorentz
manifolds) that the formulas for the conditional entropy and mutual information are respectively generalized
for GIFs of NES,
Ŝ [Â|B̂] := ABŜ − Ŝ[B̂] ≥ 0 and Ĵ [Â; B̂] := Ŝ[Â]− ABŜ + Ŝ[B̂] ≥ 0.
Similar claims can be formulated for the W-entropy Ŵ[g(τ)] (6),
Ŵ [Â|B̂] := ABŴ − Ŵ[B̂] ≥ 0 and Ĵ [Â; B̂] := Ŵ[Â]− ABŴ + Ŵ [B̂] ≥ 0.
These formulas can be are computed respectively for the W–entropy instead of the S-entropy used in the
standard probability theory and generalizations in information theory.
We can define and calculate the relative entropy S and mutual information I between two distributions
following definitions of the standard probability and information theory10,
S(PX ||QX) :=
∑
i,j
PX,Y (xi, yj)[log PX,Y (xi, yj)− log(PX(xi)PY (yj))] = SX − SXY + SY = I(X;Y );
S(PX,Y ||QX,Y ) := SX − SXY + SY = I(X;Y );
S(PX,Y,Z ||QX,Y,Z) := SXY − SXY Z − SY Z = I(X;Y Z).
Such values are subjected to important inequalities
I(X;Y ) := SX + SY − SXY ≥ 0, subadditivity of entropy ;
S(PX,Y ||QX,Y ) ≥ S(PX ||QX), S(PX,Y,Z ||QX,Y,Z) ≥ S(PX,Y ||QX,Y ), monotonicity of relative entropy.
For three random variables, we can introduce also the concepts and condition of strong subadditivity
SX − SXY Z − SY Z ≥ SX − SXY + SY , or SXY + SY Z ≥ SY + SXY Z ,
10For convenience, we remember some basic formulas on relative entropy and mutual information which are necessary for
considerations in this paper. In this paragraph, we do not use "hats" on respective symbols because such values can be defined
in general form not obligatory encoding canonical nonholonomic variables. The relative entropy is introduced for two probability
distributions PX and QX . Considering X = xi, with i= {1, 2, ...s}, we state pi = PX(xi) and qi = QX(xi) for some long messages
with N letters. Our goal is to decide which distribution describes a random process more realistically. Let us define the relative
entropy per observation S(PX ||QX) :=
∑
i pi(log pi − log qi) ≥ 1 under the assumption that NS(PX ||QX ) ≫ 1. This value is
asymmetric both on PX and QX and measures the difference between these two probability distributions (it is considered that
PX is for the correct answer and QX is taken as an initial hypothesis).
At the next step, we can consider a pair of random variables X and Y and respective two probability distributions. The fist
one is taken as a possible correlated joint distribution PX,Y (xi, yj) and PX(xi) :=
∑
j PX,Y (xi, yj), PY (yj) :=
∑
i PX,Y (xi, yj).
We also use a second probability distribution QX,Y (xi, yj) = PX(xi) PY (yj) defined in a form ignoring correlations be-
tween X and Y. In general, QX,Y (xi, yj) can be with correlations of type QX(xi) :=
∑
j QX,Y (xi, yj). We can intro-
duce three random variables X,Y, Z described by a joint probability distribution and related values, PX,Y,Z(xi, yj , zk) and
PX(xi) :=
∑
j,k PX,Y,Z(xi, yj , zk), PY,Z(yj , zk) :=
∑
i PX,Y,Z(xi, yj , zk). Ignoring the correlations between X and Y Z, we de-
fine QX,Y,Z(xi, yj , zk) := PX(xi)PY,Z(yj , zk). Other type values can be defined for observation of the subsystem XY, when
PX,Y (xi, yj) :=
∑
k PX,Y,Z(xi, yj , zk), QX,Y (xi, yj) :=
∑
kQX,Y,Z(xi, yj , zk) = PX(xi)PY (yj).
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which is equivalent for the condition of monotonity of mutual information I(X;Y Z) ≥ I(X;Y ).
Above definitions and formulas for S and I can be generalized respectively for the relative entropy and
mutual information of GIFs and NES. Proofs can be performed for causal lines and nonholonomic variables
generated by some thermodynamic generating functions AẐ := Ẑ[ g(τ)] and BẐ := 1Ẑ[ 1g(τ)], see (7),
as analogs of certain values pi = PX(xi) and qi = QX(xi). We can consider GIFs of three NES Â, B̂ and Ĉ
and prove using standard methods in any point of causal curves and applying explicit integral N-adapted
calculations on V ⊗V⊗V that
Ĵ [Â; B̂] := Ŝ[Â]− AB Ŝ + Ŝ[B̂] ≥ 0, subadditivity of entropy;
Ŝ [ ABẐ|| ABẐ] ≥ Ŝ [ AẐ|| AẐ], Ŝ [ ABCẐ|| ABCẐ] ≥ Ŝ [ ABẐ|| ABẐ], monotonicity of relative entropy.
The conditions of strong subadditivity for GIFs and NES entropies are stated by formulas
AŜ − ABC Ŝ − BC Ŝ ≥ AŜ − ABŜ + BŜ, or ABŜ + BC Ŝ ≥ BŜ + ABC Ŝ.
In equivalent form, these formulas can be written as the condition of monotonicity of GIFs and NES mutual
information, Ĵ [Â; B̂Ĉ] ≥ Ĵ [Â; B̂].
The inequalities claimed above can be proven for any point along causal curves on V. For three systems,
there are involved thermodynamic generating functions generalizing (7) in the form,
ABCẐ [g(τ), 1g(τ), 2g(τ)] =
∫
1
∫
2
∫
(4piτ)−6e− ABC f̂
√
| g|
√
| 1g|
√
| 2g|d4u d4 1u d4 2u
(− ABC f̂ + 6), for V⊗V ⊗V,
with a normalizing function ABC f̂( u, 1u, 2u). On such tensor products of nonholonomic Lorentz manifolds,
the d-metric structure is ABCg = {g = [q1, q2,q3,q N ], 1g = [ 1q1, 1q2, 1q3,1q N ], 2g = [ 2q1, 2q2, 2q3,2q N ]}.
We can define a canonical d–connection ABCD̂ = D̂+ BD̂ + CD̂ and respective scalar curvature sABCR̂ =
sR̂+ s1R̂+ s2R̂. The resulting entropy function
ABC Ŝ = Ŝ[Â, B̂, Ĉ] = −
∫
1
∫
2
∫
(4piτ)−6e− ABC f̂
√
|g|
√
| 1g|
√
| 2g|d4u d4 1u d4 2u[
τ
(
sR̂+ s1R̂+ s2R̂+ |D̂ ABC f̂ + 1D̂ ABC f̂ + 2D̂ ABC f̂ |2
)
+ ABC f̂ − 12
]
.
Similar formulas are considered for relativistic mechanical QGIFs in our partner works [38, 39].
3.2 Density matrix for quantum geometric information and gravitational flows
The goal of this subsection is to study how GIFs of NES can be generalized using basic concepts of QM
and information theory. We shall elaborate on QGIFs described in terms of density matrices defined as
quantum analogs of state densities of type σ̂[g(τ)] = Ẑ−1e−βE with Ẑ[g(τ)] (7).
Let us consider a thermodynamical model Â =
[
Ŵ; Ẑ , Ê , Ŝ , η̂
]
(8). In any point u ∈ V along a causal
curve covering an open region with such points, we associate a typical Hilbert space ĤA. A state vector
ψA ∈ ĤA is an infinite dimensional complex vector function. In quantum information theory, such a value
is approximated to a vector in complex spaces of finite dimension. Such a ψA is a solution of the Schrödinger
equation with as a well-defined quantum version of a canonical Hamiltonian ĤA, see details in [1, 2] and, for
nonholonomic systems, [38, 39].
For QGIFs of NES, the combined Hilbert space is defined as a tensor product, ĤAB = ĤA ⊗ ĤB, with
an associate Hilbert space ĤA considered for a complementary system Â. The state vectors for a combined
system are written ψAB = ψA ⊗ ψB ∈ ĤAB for ψA = 1A taken as the unity state vector. A pure state
ψAB ∈ ĤAB may be not only a tensor product of complex vectors. A quantum system under geometric
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flow evolution can be also entangled and represented by a matrix of dimension N ×M if dim ĤA = N and
dim ĤB = M (we underline symbols for dimensions in order to avoid ambiguities with the N-connection
symbol N). A Schmidt decomposition can be performed for a pure state function,
ψAB =
∑
i
√
piψ
i
A ⊗ ψiB, (9)
for any index i = 1, 2, ....(up to a finite value). We can consider that a state vector ψ
i
A which is orthonormal
if < ψ
i
A, ψ
j
A >=< ψ
i
B, ψ
j
B >= δ
ij, where δij is the Kronecker symbol. Considering pi > 0 and
∑
i pi = 1, we
treat pi as probabilities. In general, such ψ
i
A and/or ψ
i
B do not define bases of ĤA and/or ĤB.
We define the quantum density matrix for a QGIF of NES Â as ρ̂A :=
∑
a pa|ψaA >< ⊗ψaA| as a Hermitian
and positive semi-definite operator with trace TrHA ρ̂A = 1. The hat symbol is used in order to emphasize that
the constructions are associated to canonical nonholonomic variables and respective gravitational systems.
This allows us to compute the expectation value of any operator ÔA characterizing additionally such a
system,
< Ô >AB = < ψAB| Ô ⊗ 1B|ψAB >=
∑
i
pi < ψ
i
A|Ô|ψiA >< ψiB|1B|ψiB >=
< Ô >A =
∑
i
pi < ψ
i
A| ÔA|ψiA >= TrHA ρ̂A ÔA. (10)
Here we note that for arbitrary nonholonomic frame transforms and deformations of d-connection, we can
consider a general covariant form when < O >A= TrHAρAOA, or other type nonholonomic variables with
tilde (for mechanical like variables) are considered, see [38, 39].
To model both quantum information and geometric flow evolution of bipartite systems we consider GIF
and NES of type Â, B̂, and Â B̂. Such quantum systems are with both quantum and geometric entanglement
defined by density matrices. In general form, bipartite QGIFs and NES are described by quantum density
matrices of type ρ̂AB.
11 Considering Â B̂ as a bipartite quantum system with Hilbert space ĤAB, we can
define and parameterize a QGIF NES density matrix:
ρ̂AB =
∑
a,a′,b,b′
ρ̂aa′bb′ |a >A ⊗|b >B A < a′| ⊗ B < b′|,
where |a >A, a = 1, 2, ...,n is an orthonormal basis of HA and |b >B, b = 1, 2, ...,m is an orthonormal basis
of ĤB.
A measurement of the QGIFs and NES Ĥ is characterized by a reduced density matrix
ρ̂A = TrHB ρ̂AB =
∑
a,a′,b,b
ρ̂aa′bb|a >A A < a′|, for |b >B B < b| = 1.
In a similar form, we can define and compute ρ̂B = TrHA ρ̂AB. Using above introduced concepts and
formulas, we can elaborate on QGIF models formulated in canonical variables or in a general covariant form.
Let us analyze the properties of quantum density matrix and von Neumann entropy for QGIFs and NES.
For such systems, the quantum density matrix σ̂AB for a state density σ̂[g(τ)] = Ẑ−1e−βE can be defined
and computed using formulas (10). We obtain
σ̂AB = < σ̂ >AB=< ψAB|σ̂ ⊗ 1B|ψAB >=
∑
i
pi < ψ
i
A|σ̂|ψiA >< ψiB|1B|ψiB >=
σ̂A = < σ̂ >A=
∑
i
pi < ψ
i
A|σ̂|ψiA >= TrHA ρ̂Aσ̂. (11)
11In classical theory of pobability, a bipartite system XY by a joint probability distribution PX,Y (xi, yj), where PX(xi) :=∑
j PX,Y (xi, yj).
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The density matrix ρ̂A is taken for computing the density matrix σ̂A. The values (11) is determined by
a state density of the thermodynamical model for GIFs of a classical NES determined by σ̂. We can work
with quantum density matrices σ̂AB, σ̂A = TrHB σ̂AB and σ̂B = TrHA σ̂AB. Such formulas can be written in
respective coefficient forms
σ̂AB =
∑
a,a′,b,b′
σ̂aa′bb′ |a >A ⊗|b >B A < a′| ⊗ B < b′| and σ̂A =
∑
a,a′,b,b
σ̂aa′bb|a >A A < a′|.
We conclude that QGIFs of NES can be characterized by quantum analogs of entropy values used for
classical geometric flows. Such values can be computed using formulas of type (11) for classical conditional
and mutual entropy, see details for GIFs and in information theory [1, 2, 38]. For instance,
qŴAB = TrHAB [( σ̂AB)(ABŴ)] and qŴA = TrHA [( σ̂A)( AŴ)], qŴB = TrHB [( σ̂B)( BŴ)];
qŜAB = TrHAB [( σ̂AB)( ABŜ)] and qŜA = TrHA [( σ̂A)( AŜ)], qŜB = TrHB [( σ̂B)( BŜ)].
Such values describe additional entropic properties of quantum NES with rich geometric structure under
QGIFs.
Let us consider quantum generalizations of the concept of W- and thermodynamic entropy of GIFs of
NES. We describe such systems in standard QM form for the von Neumann entropy determined by σ̂A (11)
as a probability distribution,
qŜ( σ̂A) := Tr σ̂A log σ̂A. (12)
We can consider generalizations of this concept of quantum entropy for Â B̂ and Ĉ systems, respectively,
qŜ( σ̂AB) := Tr σ̂AB log σ̂AB and qŜ( σ̂A) := Tr σ̂A log σ̂A, qŜ( σ̂B) := Tr σ̂B log σ̂B.
The von Neumann entropy for QGIFs of NES, qŜ( σ̂A), has a purifying property not existing for classical
analogs. For instance, considering bipartite systems ψAB =
∑
i
√
piψ
i
A⊗ψiB and σ̂A :=
∑
i pi|ψiA > ⊗ < ψiA|,
we compute
σ̂A :=
∑
a,a′,b,b
∑
k
σ̂aa′bbpk A < a
′||ψkA >< ⊗ψkA||a >A, (13)
σ̂B :=
∑
a,a′,b,b
∑
k
σ̂aa′bbpk B < a
′||ψkB >< ⊗ψkB||b >B .
Using qŜ( σ̂A) (12) and respective formulas (11) and (13) for classical conditional and mutual entropy
considered for GIFs and NES and in information theory, there are defined and computed respectively
qŴAB = TrHAB [( σ̂AB)( ABŴ)] and qŴA = TrHA [( σ̂A)( AŴ)], qŴB = TrHB [( σ̂B)( BŴ)];
qŜAB = TrHAB [( σ̂AB)( ABŜ)] and qŜA = TrHA [( σ̂A)( AŜ)], qŜB = TrHB [( σ̂B)( BŜ)].
Such values describe complimentary entropic properties of quantum NES systems with rich geometric struc-
ture under quantum GIF evolution.
4 Entanglement of quantum geometric information flows and gravity
We study entanglement of QGIFs and NES using the notion of bipartite entanglement introduced for pure
states and density matrices in description of finite-dimensional QM systems [1, 2, 12, 13]. For thermodynamic
and QM analogs of gravitational GIFs, we consider a series of relevant entropic values related to G. Perelman’s
W-entropy. A set of inequalities involving GIFs, NES, and entanglement entropies playing a crucial role in
definition and description of such systems will be formulated.
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4.1 Geometric flows of nonholonomic Einstein systems with entanglement
Let us analyze how the concept of quantum entanglement can be elaborated for QGIF and NES.
4.1.1 Bipartite entanglement for quantum geometric information flows and gravitaty
For a NES and various type MGTs, we can consider various canonical, (relativistic) mechanic, continuous
or lattice models of QFT, thermofield theory, QGIF models etc. A QM model can be characterized by a
pure ground state |Ψ̂ > for a total Hilbert space tĤ. In this section, "hat" variables are used for all types of
classical and quantum thermodynamic systems described in canonical nonholonomic variables. The density
matrix
tρ̂ = |Ψ̂ >< Ψ̂| (14)
can be normalized following the conditions < Ψ̂|Ψ̂ >= 1 and total trace ttr( tρ̂) = 1. We suppose that
such a total quantum system is divided into a two subsystems Â and B̂ associated to some analogous GIF
and NES thermodynamic models. For instance, Â(g) =
[
Ŵ(g); Ẑ(g), Ê(g), Ŝ(g), η̂(g)
]
(8) is determined
by canonical functionals on a d-metric g. Similarly, a second subsystem is generated by a d-metric 1g and
respective B̂( 1g) =
[
Ŵ( 1g); Ẑ( 1g), Ê( 1g), Ŝ( 1g), η̂( 1g)
]
. In principle, we can elaborate on models with
the same g but with Â and B̂ associated to different causal regions of a nonholonomic Lorentz spacetime
V.Two subsystems Â and B̂ = Â are complimentary to each other if there is a common boundary ∂Â = ∂B̂
of codimension 2 and when the non-singular flow evolution Â transforms into a necessary analytic class of
flows on Â. For such bipartite NES and QGIFs, we define tĤ= ĤAB = ĤA ⊗ ĤB.
We introduce the measure of entanglement of a QGIF and NES as the von Neumann entropy qŜ (12)
but defined for the above considered total reduced density matrix ρ̂A = TrHB( tρ̂). For such canonical
nonholonomic systems, it is possible to define and compute the entanglement entropy of A as
qtŜ( ρ̂A) := Tr( ρ̂A log ρ̂A), (15)
when ρ̂A is associated to a state density of type ρ̂(β, Ê ,g) = ρ̂[g(τ)] = Ẑ−1e−βE with Ẑ[g(τ)] (7). We
note that the total entropy qtŜ = 0 for a pure grand state (14) associated to V.
4.1.2 Separable and entangled gravitational and quantum geometric information flows
We can extend for NES in canonical nonholonomic variables the concepts were introduced for QGIFs in our
partner works [38, 39] (those papers are based on analogous thermodynamic models standard constructions
in quantum information theory [1, 2, 12, 13]). Let us consider {|a >A; a = 1, 2, ...ka} ∈ ĤA and {|b >B; b =
1, 2, ...kb} ∈ ĤB as orthonormal bases when a pure total ground state is parameterized in the form
|Ψ̂ >=
∑
ab
Ĉab|a >A ⊗|b >B, (16)
where Ĉab is a complex matrix of dimension dim ĤA × dim ĤB. If such coefficients factorize, Ĉab = ĈaĈb,
there are defined separable ground states (equivalently, pure product states), when
|Ψ̂ >= |Ψ̂A > ⊗|Ψ̂B >, for |Ψ̂A >=
∑
a
Ĉa|a >A and |Ψ̂B >=
∑
b
Ĉb|b >B .
The entanglement entropy vanishes, qŜ( ρ̂A) = 0, if and only if the pure ground state is separable (we omit
the label t as total considering that such quantum systems may involve bi- or multi-partition and respective
total spaces). For NES and QGIFs, such definitions are motivated because all sub-systems are described by
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an effective thermodynamics energy, AÊ and BÊ as in (8). Similar values can be defined and computed for
a W-entropy Ŵ[g(τ)] (6).
We say that a ground state |Ψ̂ > (16) is entangled (inseparable ) if Ĉab 6= ĈaĈb. For such a state, the
entanglement entropy is positive, qŜ( ρ̂A) :> 0. Contrary, certain QGIF and NES are considered un-physical.
Using quantum Schmidt decompositions (9), we can prove for any point along a causal curve on V that
qŜ = −
min(a,b)∑
a
pa log pa and qS |max = logmin(a, b) for
∑
a
pa = 1 and pa = 1/min(a, b),∀a. (17)
It should be noted that such quantum entropy is associated to a thermodynamic model for geometric/
information flows and not directly for a curved spacetime and possible geometric evolution. Nevertheless,
d-metrics can be used for elaborating on causal physical states defined along timelike curves and respective
3+1 splitting.
An entangled state of NES and QGIFs is a superposition of several quantum states associated to respective
GIFs of gravitational systems. This means that an observer having access only to a quantum subsystem Â
will find him/ herself in a mixed state when the total ground state |Ψ̂ > is entangled following such conditions:
|Ψ̂ >: separable ←→ ρ̂A : pure state, or |Ψ̂ >: entangled ←→ ρ̂A : mixed state.
We conclude that the von Neumann entanglement entropy for QGIF and NES qtŜ( ρ̂A) (15) encodes four
types of information data: 1) how the geometric evolution in canonical nonholonomic variables is quantum
flow correlated; 2) how much a given QGIF canonical nonholonomic state differs from a separable associated
QM state; 3) how NES, or other type MGT models, are subjected to quantum flow evolution; and 4) in which
forms such GIFs and NES are modelled in canonical nonholonomic variables. A maximum value of quantum
correlations is reached when a given QGIF NES state is a superposition of all possible quantum states with
an equal weight. Such constructions are derived for associated thermodynamic models. There are also
additional GIF and NES properties which are characterized by the W-entropy, Ŵ (6), and thermodynamic
entropy, Ŝ (8), which can be computed in certain quasi-classical QM limits for a 3+1 splitting and along a
time like curve, see similar constructions in [41].
4.1.3 Thermofield double states for gravity and geometric information flows
In our works [24, 38, 39], we consider an evolution parameter β = T−1 is treated as temperature similarly
to G. Perelman’s approach [27]. This allows us to elaborate on GIF and NES theories as relativistic classical
and/or quantum thermofield models. A nontrivial example with entanglement and a thermofield double
state is defined by a ground state (16) parameterized in the form
|Ψ̂ >= Ẑ−1/2
∑
k
e−βEk/2|k >A ⊗|k >B, (18)
for a partition function Ẑ =
∑
k
e−βEk/2. Such values are associated to the thermodynamic generating
function Ẑ [g(τ)] (7) and state density matrix ρ̂(β, Ê ,g) = ρ̂[g(τ)] = Ẑ−1e−βE .Values of energy ÊA = {Ek}
is considered quantized with a discrete spectrum for a QGIF and NES Â = [Ŵ ; Ẑ, Ê , Ŝ, η̂] (8). The ther-
modynamic values are computed via integrals and measures determine by g(τ) and canonical nonholonomic
variables. We compute the density matrix for such a thermofield subsystem determining a Gibbs state,
ρ̂A = Ẑ
−1
∑
k
e−βEk/2|k >A ⊗ A < k| = Ẑ−1e−βÊA .
In above formulas, we consider Ê as a (modular) Hamiltonian ÊA such that ÊA|k >A= Ek|k >A .
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Thermofield double states are certain entanglement purifications of thermal states with Boltzmann weight
pk = Ẑ
−1
∑
k
e−βEk . Transferring state vectors {|k >B} from ĤA to ĤB, we can purify Â in the extended
Hilbert space ĤA ⊗ ĤB. So, every expectation of local operators in Â can be represented using the thermofield
double state |Ψ̂ > (18) of the total system Â∪B̂. The entanglement entropy can be treated as a measure of
the thermal entropy of the subsystem Â,
Ŝ(ρ̂A) = −trA[ρ̂A(−βÊA − log Ẑ)] = β(< ÊA > − F̂A).
In this formula, F̂A = − log Ẑ is the thermal free energy.
For thermofield values, we omit the label "q" considered, for instance, for qtŜ( ρ̂A) (15). Here it should
be noted that thermofield GIF and NES configurations are also characterized by W-entropy Ŵ (6), see
examples how to compute such values for the gravitational configurations generated by the AFDM in [19].
4.2 Inequalities for entropies of NES QGIFs
We study certain important inequalities and properties of the entanglement entropy (15) using the density
matrix ρ̂A = TrHB( tρ̂). Proofs with entanglement entropy are similar to those presented in [47]. Concerning
geometric analysis technique [27, 29, 30, 31], we refer readers to generalizations for nonholonomic manifolds
and applications in modern in modern gravity and particle physics theories in [19, 20, 24].
4.2.1 (Strong) subadditivity of entangled NES systems
There are three important properties of QGIFs and NES related to strong subadditivity property of
entanglement and Perelman’s entropies.
Entanglement entropy for complementary QGIF and gravitational subsystems: If B̂ = Â, we have such
a condition for entropies qŜA = qŜA, which can be proven using formulas (17) for a pure ground state
wave function. Similar equalities for the W-entropy Ŵ (6) and/or thermodynamic entropy Ŝ (8) can be
proven if we use the same d-metric g and respective normalization on Â and Â. For quantum models of GIF
thermodynamic systems, qŜA 6= qŜB if Â∪B̂ is a mixed state. In result, we have general inequalities,
qŜA 6= qŜB and qŴA 6= qŴB,
which can be also proven in any quasi-classical limit, for instance, in the WKB approximation as in in [41].
For some special subclasses of nonholonomic deformations and certain classes of normalizing functions such
conditions may transform in equalities.
Subadditivity conditions are satisfied for disjoint subsystems Â and B̂,
qŜA∪B ≤ qŜA + qŜB and | qŜA − qŜB| ≤ qŜA∪B. (19)
Similar conditions hold for the W-entropy Ŵ (6) and respective quantum versions,
qŴA∪B ≤ qŴA + qŴB and | qŴA − qŴB| ≤ qŴA∪B.
Such NES flow evolution and QM scenarios are elaborated for mixed geometric, gravitational and quantum
probabilistic information flows.
Strong subadditivity is considered for three disjointed QGIF gravitational subsystems Â, B̂ and Ĉ and
conditions of convexity of a function built from respective density matrices and unitarity of systems [51, 52,
2, 13]. One follow such inequalities:
qŜA∪B∪C + qŜB ≤ qŜA∪B + qŜB∪C and qŜA + qŜC ≤ qŜA∪B + qŜB∪C .
The conditions of subadditivity (19) consist certain particular cases defined by strong subadditivity. Similar
formulas can be proven for the W-entropy and small quantum perturbations,
qŴA∪B∪C + qŴB ≤ qŴA∪B + qŴB∪C and qŴA + qŴC ≤ qŴA∪B + qŴB∪C .
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4.2.2 Relative entropy and mutual information of NES and QGIFs
The concept of relative entropy is defined in canonical nonholonomic variables as in geometric information
theories,
Ŝ(ρ̂A q σ̂A) = TrHB [ρ̂A(log ρ̂A − log σ̂A)], (20)
where Ŝ(ρ̂A q ρ̂A) = 0. This value allow us to define a measure of "distance" between two QGIFs and NES
with a norm ||ρ̂A|| = tr(
√
(ρ̂A)(ρ̂
†
A)), see details in reviews [1, 2, 13].
Two QGIFs and NES are characterized by some important formulas and conditions for relative entropy:
• tensor products of density matrices,
Ŝ( 1ρ̂A ⊗ 2ρ̂A q 1σ̂A ⊗ 2σ̂A) = Ŝ( 1ρ̂A q 1σ̂A) + Ŝ( 2ρ̂A q 2σ̂A);
• positivity, Ŝ( ρ̂A q σ̂A) ≥ 12 || ρ̂A − σ̂A||2, i.e. Ŝ( ρ̂A q σ̂A) ≥ 0;
• monotonicity, Ŝ( ρ̂A q σ̂A) ≥ Ŝ(trs ρ̂A|trs σ̂A), where trs denotes the trace for a subsystem of Â.
The positivity formula and (Schwarz) inequality ||X|| ≥ tr(XY )/||X|| result in 2 Ŝ( ρ̂A q σ̂A) ≥
(〈O〉ρ − 〈O〉σ)2/||O||2, for any expectation value 〈O〉ρ of an operator O computed (10) with the density
matrix ρ̂A. The relative entropy Ŝ(ρ̂A q σ̂A) (20) is related to the entaglement entropy q Ŝ(ρ̂A) (15) using
formula Ŝ(ρ̂A q 1A/kA) = log kA − q Ŝ(ρ̂A), where 1A is the kA × kA unit matrix for a kA-dimensional
Hilbert space associated to the region Â.
Let us denote by ρ̂A∪B∪C the density matrix of Â∪B̂∪Ĉ when ρ̂A∪B is written for its restriction on Â∪B̂
and ρ̂B is stated for its restriction on B̂. Using trA∪B∪C [ ρ̂A∪B∪C(OA∪B ⊗ 1C/kC)] = trA∪B( ρ̂A∪BOA∪B), we
prove such identities
Ŝ(ρ̂A∪B∪C q 1A∪B∪C/kA∪B∪C) = Ŝ(ρ̂A∪B q 1A∪B/kA∪B) + Ŝ(ρ̂A∪B∪C q ρ̂A∪B ⊗ 1C/kC),
Ŝ(ρ̂B∪C q 1B∪C/kB∪C) = Ŝ(ρ̂B q 1B/kB) + Ŝ(ρ̂B∪C q ρ̂B ⊗ 1C/kC);
and inequalities Ŝ(ρ̂A∪B∪C q ρ̂A∪B ⊗ 1C/kC) ≥ Ŝ(ρ̂B∪C q ρ̂B ⊗ 1C/kC),
Ŝ(ρ̂A∪B∪C q 1A∪B∪C/kA∪B∪C) + Ŝ(ρ̂B q 1B/kB) ≥ Ŝ(ρ̂A∪B q 1A∪B/kA∪B) + Ŝ(ρ̂B∪C q 1B∪C/kB∪C).
The correlation between two QGIFs and NES Â and B̂ (it can be involved also a third system Ĉ) is
characterized by mutual information
Ĵ (Â, B̂) := ŜA + ŜB − ŜA∪B ≥ 0 and Ĵ (Â, B̂∪C) ≤ Ĵ (Â, B̂).
Using formula Ĵ (Â, B̂) = Ŝ(ρ̂A∪B q ρ̂A ⊗ ρ̂B), we can prove important inequalities for the entanglement of
QGIFs and NES,
qĴ (Â, B̂) := q ŜA+ q ŜB− q ŜA∪B ≥ 0 and qĴ (Â, B̂∪C) ≤ qĴ (Â, B̂), for qĴ (Â, B̂) = q Ŝ(ρ̂A∪B q ρ̂A⊗ρ̂B).
The mutual information between two QGIFs and NES is a measure how much the density matrix ρ̂A∪B
differs from a separable state ρ̂A ⊗ ρ̂B. Quantum correlations entangle even spacetime disconnected regions
of the phase spacetime under geometric flow evolution. For GIF and NES flows in respective regions,
2Ĵ (Â, B̂) ≥ (〈OAOB〉 − 〈OA〉〈OB〉)2/||OA||2||OB||2, for bounded operators OA and OB.
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4.2.3 The Rényi entropy for NES QGIFs
The concept of Rényi entropy [53] is used for computing the entanglement entropy of QFTs by developing
the replica method (see section IV of [13] and further generalizations in [54]). Similar constructions are
possible for QGIF and NES because the thermodynamic generating function Ẑ[g(τ)] (7) with σ̂[g(τ)] =
Ẑ−1e−βE as statistical density ρ̂(β, Ê ,g) used for defining σ̂A (11) as a probability distribution.
We extend the replica method to G. Perelman’s thermodynamical model and related classical and quan-
tum information theories for NES. Considering an integer r (replica parameter), the Rényi entropy is
r Ŝ(Â) := 1
1− r log[trA(ρ̂A)
r] (21)
for a QGIF and NES determined by a density matrix ρ̂A. A replica computational formalism is elaborated
for an analytic continuation of r to a real number with a defined limit qŜ(ρ̂A) = limr→1 r Ŝ(Â) and
normalization trA(ρ̂A) for r → 1, when (21) reduces to the entanglement entropy (15).
Considering similar formulas proven in [55], there are introduced such important inequalities for the
derivative on the replica parameter, ∂r. We have
∂r( r Ŝ) ≤ 0, ∂r
(
r − 1
r
r Ŝ
)
≥ 0, ∂r[(r − 1) r Ŝ] ≥ 0, ∂2rr[(r − 1)]( r Ŝ) ≤ 0. (22)
A usual thermodynamical interpretation of such formulas is possible for GIF and NES with a conventional
modular Hamiltonian ĤA = Ê and effective statistical density ρ̂A := e−2piĤA . The value βr = 2pir is
considered as the inverse temperature and the effective "thermal" statistical generation (partition) function
is defined rẐ(βr) := trA(ρ̂A)r = trA(e−βrĤA) similarly to Ẑ [g(τ)] (7). We compute using canonical relations
such statistical mechanics values
modular energy : rÊ(βr) := −∂βr log[ rẐ(βr)] ≥ 0;
modular entropy : rS˘(βr) := (1− βr∂βr) log[ rẐ(βr)] ≥ 0;
modular capacity : rĈ(βr) := β2r∂2βr log[ rẐ(βr)] ≥ 0.
These inequalities are equivalent to the conditions stated in the second line in (22) and characterize the
stability of GIFs and NES considered as a thermal system with replica parameter regarded as the inverse
temperature for a respective modular Hamiltonian. Such replica criteria of stability define a new direction
for the theory of geometric flows, QGIFs, and applications in modern physics and cosmology, see [18, 21, 19,
20, 25, 26, 38, 35] and references therein.
The constructions with the modular entropy can be transformed into models derived for GIFs and as-
sociated thermodynamic models and with the Rényi entropy and inversely. Such transforms in canonical
nonholonomic can be performed using formulas rS˘ := r2∂r
(
r−1
r rŜ
)
and, inversely, rŜ= rr−1
∫ r
1 dr
′ r′ S˘
(r′)2 .
The implications of the inequalities for the Rényi entropy were analyzed for the quantum information and
gravitational systems with holographic description, see reviews [5, 1, 13]. In this work, the approach is
generalized for G. Perelman entropies, QGIFs and NES.
The concept of relative entropy Ŝ( ρ̂A q σ̂A) (20) introduced for nonholonomic geometric information
flows can be extended to that of relative Rényi entropy (for a review, see section II.E.3b in [13]). For a
system QGIFs with two density matrices ρ̂A and σ̂A, we compute
rŜ( ρ̂A q σ̂A) = 1
r − 1 log
[
tr
(
( σ̂A)
(1−r)/2r ρ̂A( σ̂A)
(1−r)/2r
)r]
, for r ∈ (0, 1) ∪ (1,∞); (23)
or 1Ŝ( ρ̂A q σ̂A) = Ŝ( ρ̂A q σ̂A) and ∞Ŝ( ρ̂A q σ̂A) = log ||( σ̂A)−1/2 ρ̂A(σ̂A)−1/2||∞.
In any point of causal curves, one prove monotonic properties, rŜ(ρ̂A q σ̂A) ≥ rŜ(trs ρ̂A|trs σ̂A) and
∂r[ rŜ(ρ̂A q σ̂A)] ≥ 0, and to reduce the relative Rényi entropy to the Rényi entropy using formula rŜ(ρ̂A q
1A/kA) = log kA − rS(Â).
18
The values (23) do not allow a naive extension of the concept of mutual information and interpretation
as an entanglement measure of quantum information for QGIF systems and possible applications in gravity
theory. In principle, there are possible negative values of relative Rényi entropy for r 6= 1 even for standard
quantum information models [56]. This problem can be solved for various classes of solutions and MGTs if
it is introduced the concept of the r-Rényi mutual information [57],
rĴ (Â, B̂) := min
pσB
rŜ( ρ̂A∪B q ρ̂A ⊗ σ̂B) ≥ 0,
for a minimum taken over all σ̂B. Such conditions can be satisfied for corresponding nonholonomic distribu-
tions with causality and respective subclasses of generating functions. We obtain the standard definition of
mutual information for r = 1. In result, we can elaborate a self–consistent geometric–information thermody-
namic theory for QGIFs and NES which consists a more general approach than the constructions with area
horizon, holographic and conformal field entropic models.
5 Outlook, conclusions, and discussion
This is the third our work on the theory of classical and quantum geometric information flows (respec-
tively, GIFs and QGIFs), see [38, 39] on QGIF of relativistic classical and quantum mechanical systems. On
entanglement and QGIF of Einstein-Maxwell and Kaluza–Klein gravity theories, we cite the forth partner
work [40]. In a more general context, such papers belong to a series of articles [36, 37, 18, 19, 20, 21, 24, 25, 26]
on generalized (relativistic, modified, or noncommutative and nonassociative, supersymmetric etc.) Ricci
flows and applications to modified gravity theories, MGTs, and general relativity, GR. The key idea of such
works is that all constructions can be derived from certain types of nonholonomically deformed Perelman-
Lyapunov type F and W functionals [27]. In our research, we do not attempt to use such results for
formulating and providing proofs for certain relativistically generalized Thurston–Poincaré conjectures (as it
was performed due to G. Perelman [27] and R. Hamilton [28], see reviews in [29, 30, 31]). The goal of this
work is to elaborate on applications in quantum information theory of the concept W-entropy (Perelman’s
W-functional can be treated as a "minus" entropy) and associated thermodynamic models of geometric flows
containing MGTs and GR, as certain particular nonholonomic Ricci soliton configurations.
In this paper, relativistic versions of Perelman’s functionals and associated thermodynamic models are
formulated in canonical nonholonomical variables (with "hats" on geometric objects). In result, any ex-
act and parametric solution in MGTs and geometric flow models12 can be derived from and characterized
thermodynamically by a respective W-entropy. For respective nonholonomic Ricci flow models, all such gen-
eralized MGTs under geometric evolution and their solutions consists certain examples and can be derived
and characterized as emergent theories from respective versions of W–entropy. Such constructions are more
general than those for gravitational thermodynamics and black hole / (anti) de Sitter physics [14, 15, 16, 17]
(with a conventional hypersurface-area entropy) intensively elaborated during last two decades with new
concepts of entanglement, entropic and holographic gravity [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13].
In the framework of the theory of relativistic geometric flows of metrics on Lorentz spacetime mani-
folds, various MGTs and GR are modelled as certain nonholonomic Einstein structures, NES. Such NES
are described equivalently as some self-similar systems (nonholonomic Ricci soliton) which, in general,
evolve on a temperature like parameter characterized by a corresponding W-entropy and other type as-
sociated thermodynamic parameters. In this article, we formulate an approach to the theory of GIFs and
QGIFs and NES. We apply and develop for such gravitational flow evolution models and geometric ther-
modynamical systems, the standard concepts and methods of information theory and quantum physics and
12in principle, being generic off-diagonal, with generalized nonlinear and linear connections, various types of effective and
matter field sources, and depending on all modified spacetime/ phase space coordinates, see various examples and applications
in modern cosmology and astrophysics [33, 19, 20, 21, 25, 34, 35, 24, 26]
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gravity [45, 44, 47, 1, 48, 49, 50, 2, 12, 13]. The constructions are generalized for the Shannon/von Neu-
mann/conditional/relative entropy determined by thermodynamic generating functions and density matrices
encoding geometric data for GIFs and NES, and characterized by respective Perelman W-entropy. The
concept of quantum geometric flow and gravitational entanglement and main properties (inequalities) are
formulated and studied for new classes of theories of QGIFs for NES.
Finally, we note that further developments of our approach will involve explicit examples with computa-
tions of the W-entropy and QGIF and NES entanglement, Rénye and other type entropies for various classes
of stationary and cosmological type solutions in MGTs and quantum gravity models, see some previous our
results in [18, 34, 35].
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